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SateUte Libration on an Elliptic Orbit 
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The libration of a gra*-tatianally oriented rigid satel l i te  on 

an elliptic orbit is  studied by the method of canonical transformation. 

The possihity of the center of mass of a satell ite traveling on 

an e l l ipt ic  orbit 1s exanrhea. 

a mathematical way according to an ogerational metboa of perhzb$ian 

conserving fEamil tonisn fonmrlism. The orbit eccentricity effect 

upon the  aqplitude and the freqpency shLft of t b  UbratiOn are 

The transformations are performea in 
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principal, central mcmen.t;s of inertia of the satellite. 
' 

I .  

semi-major axis. 1 

Eccentricity. 

. -  a 

e 

Hmiltonian. 
- .  

Integral constant. h 

Ement of inertia about f I 

f 
.. 

L e- Action variable. 

4 Angle variable. 
-- m .  - Mass of satellite. 

- n Unit vector along 
1 ,. 

Nomentum con3ugated to Q. \ 

a l e  defined equatian (Is) . . . 
p i  '* . *  

- .  
Initial value of q. . .  

. I  

.. 

. 
\ 

1 

', 
P 

Radius from the center of force to the'center of mass. , 

s r . :.* 
1 

/-  
Potential energy. , -  v 
Kinetic energy, . T 
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Tnle ancmraly.. - .  

Angle of l ibat ion.  
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%-auction - 
!Fhis paper is devoted to studying'the glanar libration of a 

gravJtationally oriented rigid satelUte on an elliptic orbit. 

equations describing the mtion of the satel l i te  are derived using 

the Lagrange method. 

motion hoes not permit the satellite's center of mass traveling on 

an el l ipt ic  orbit. 

librational notion assumes a fonn particularly suited for the 

VOR Zeipej .  teduxLque. 

lpbe 

The coupling of the orbital and librational 

By introduction of canonical variables the 

The mathematical trea-ent and the physical 

consideratiosl in the present appacrrach produce a S O h r k i 0 1 I  which revesls 

the ultimste nature of satell ite Ubration. 

canonical transformation me*&& (1) to t h i s  type of problem is a p p ~ ~ n t l y  

The appllcation of the 

new i n  the  Uterature on satellite dynamics (2-14). 

analysis,- 8 proposed damping method for satellite libration w i l l  be 

Based on this 

discussed in a later article. 
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7 Equations of Motion - 
P r  

A satellite of mas8 m w i t h  principsl axes & & and 4 at it8 
center of mass is launched into an elliptic orbit. The longitudinal 

axis 

sxfs - k is normal to the o r b i t a l  pZane. 

and the transverse mds J lie in the orbital plane and the 

!F!he inertiaatensor at  the 

center of mass'is 

I .  

' :I 
r 

t 

I 

; : 

where A, 3 and C are principal, central moments of inertia of the '- 

satellite about axes &, J and - k respectively. f i  

L e t  (y, 6 )  be t h e  polar coordinates of the satellite's center of 

m a s s  and q which is in the orbital plane be the  angle of inclination 

, 

02 the longitudinal axis  

the cknter of m a s s .  

to t h e  Une joining the center of force to . 

.\ -. 
The klnetic energy of the s a t e u l t e  is . .  

.\ 
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in which IC is the gravitational parameter of the center cf force. 

mus for nation about the earth K ='w mere G 38 the constant of 

:i 

I 
' 1  

. '. 





.. .. . .  

- 0 -  
L 

. Equatian (6 )  describes &e radial mtian of the center of ma68. 

--tian (7) could have been obtained direct ly  by vriting #e h t e  

. I  . - .  
' Librations about Elliptic Orbit - 

c , .  
essentiality of the p b l e m  is cmtainea in equations (6), 

(7) and (8) . It consis in the caupUng of orbital and Ubrational 

motion of the sate l l i te ,  Tr 011s reQuireB 

on an elliptic orbit, 1.0. , , . +  

t - I 

. A  
. I  



t . ;  
- %  . . .  By substituting equation (U) in  equation (7), the only solution to . I 

4 .  I 
these equations is cp = 0. 

q #  0 the center of mass of the satellite is moving in a aon-hrtonian 

This is  expected physically because if 
e 

C 
m force f ie ld which is not central. 

Uriity, it ‘is, acceptable t o  exadhe the librational and orbital motion 

separately. 

However, If - ie much less  than 

z .  

Substituting equation ( 9 )  intd equation (7) result is 
a 

t 
\ 

1. 

1 . , I  

, a  * \  
. I .  

’ .( . .- 

. I  .‘ P L e t  the independent ysr 

polar coc?rd&te, true a n d y  e. 
t 
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librations w i l l  evidently be purely harmonic w i t h  constant frequency c 1 
! - ' . &  and the'** amplitude of' libration w i l l  be constant over. t h e  depending &A i 
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H is the Hamiltanias of themunperturbed system and X is the perturb- 
1 

function. In this expression, perturbation terms of order e3 &‘higher :. t .. $1 
are omitted. 

me sd!JA%ion 

conditions q(o) = 

1 

. I  

for circular orbit subject to the transformed initial 
. 

, 
a 0 can be expressed in periodic fonnS 99 and P(0) 

. .  



. 
transfamation t o  new action and angle variables has been 

formf 

* 

! 

I Since 8 

given in the 

w i l l  the transformation be is, under what circumstances the question 

equtians w i l l  be canonid., i.e., under what circumstances the new 

I 
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. .  This transformation of va&bles can be done in the  following I 

C 
. -  manner. Multiply equations (18) and (19) by 9 - 3 re'spectively ami 

4 
-\ 

-. add. The sum is \.~ 
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and . If equations (l8) asd 19) are multiplied Similar 

operatians are carried aut the result is 

* .  
' I  
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Since . 
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The Lagrangian bracket [A,L] in equations (28) - _  

I 

and 

(29) 3 
i 
t 

~1 
! 
! 

. I. 

1 

/ 

(29) e q w s  unity 
\ 

i 
i because the Hamiltonian is  unchanged. 

(28) ,and (29)  w i t h  equations (24) and (25), one obtains 

Therefore, canparing equations 
b I 

I 

I 
! 

\ --. I.' I t 

. 
' ,  -\, \ 

\ 
I 

. .  
. $  (30 )  
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Differen-tiating equatims (22) a d  (23) the results are 

-- 3 
U * 

4 
i 
I 
C' 

By substituting these results equations (30) and (31) become . 

.. . 
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. 
where L and 4 are given by 

. .  . f  

. .  

t 

I 
m e  physical interpretation of these resul ts  is as follows. m e  

mplitude and frequency of s a t e l l i t e  l ibrations on an e l l i p t i c  orbit can 

be determined from the l ib ra t ions  in a circular orbi t  by considering that 

. 
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-.* cs21.de a =%.---- L-ekYLeYlr~I --- ire v z q 3 g  Ciie zo the eccazr icizy ~r.rc1~3ztfcs. 

me variation .in ampiituie is inherent in equatim (34). 

in frequency is given by equation (35). 

tern in equation (9) represents sec- eccentricity effect if e is e q w  

to A. 

n = I. 

terms. 

by a constant plus trigonometric terns having frequencies which are 

me variat~an 

It should be soted that the last 

Accordingly, the amplitude will build up wi"&outbou.nd in case 

For n # 0, t h e  results show that  the arrglitude to have no secular 

It does not increase or decrease without bomd but is  represented 

. 
~ 

I -  

*actions of the flmdamental frequency of the system. . 

By excluding the periodic perturbations equations (34) and (35) reduce 

to 

or 

. I  

. -  
. I  -i i ' I  . 
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%.king these d u e s  i n  order to ob ta i a  a first approximation t o t h e  
. 

solution one obtaiXls 

= PPCB or 

a e r e f  ore the first a2groximation of t h e  librations 

(36)  

J I - -  -- _ -  
_-. 
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. Tor R = 1, equatioa (i7) is reciuced t o  a  om w i t h  constant coefficients 

and the integral  solation increases without bomd. 

physical sense of the mments of iner t ia  and i n  view of the ins tab i l i ty  

conditions this is referred t o  as the resonance case. 

According t o  the 
* 

Equation (36 )  describes the l ibrat ional  motion of a r t i f i c i d  

sa t e l l i t e s .  

m e  eccentricity effect  upon the amplituLe a d  the eccentricity frequency 

??le u l t ina te  nature of the librzition is  coaclsely revealed. 

s'aifi; are  exhi'oited. 

equazion (36)  meets me ' l imi t ing  condition imposed. 

i.e., e 

l i t e r a tu re  of s a t e l l i t e  dynmics. 

It can be shown that the solu?;ion represented by 

Tor c i r c u k r  crbit, ' 

0, equation (36)  reciuces t o  a solution which abounds i n  the 

Based on t h i s  analysis, a pro2osed 

method which danps the l ibrat ions and prevents l ibrations froa beconing 

a rb i t r a r i l y  large w i l l  be discussed in a l a t e r  a r t ic le .  

. 
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